This paper shows that negative coefficients of normal restitution occur inevitably when the interaction force between colliding particles is finite. We derive an explicit criterion showing that for any set of material properties there is always a collision geometry leading to negative restitution coefficients. While from a phenomenological point of view, negative coefficients of normal restitution appear rather artificial, this phenomenon is generic and implies an important overlooked limitation of the widely used hard sphere model. The criterion is explicitly applied to two paradigmatic situations: for the linear dashpot model and for viscoelastic particles. In addition, we show that for frictional particles the phenomenon is less pronounced than for smooth spheres.
I. INTRODUCTION
Both, kinetic theory of granular matter, based on the Boltzmann equation [1] [2] [3] , as well as highly efficient eventdriven molecular dynamics (eMD) simulation of granular matter [4] [5] [6] are based on the hard sphere model of particle collisions. Hard sphere collisions are characterized by δ-shaped interaction forces. Therefore, in a collision the particles instantaneously exchange momentum, while their positions stay invariant. Due to the instantaneous character of the collisions, the dynamics of any finite hard sphere system is represented by a sequence of binary collisions (events), leading to the main concept of eMD. As only momentum is transferred during a collision, each event is characterized by only two scalar values: The coefficient of normal restitution ε n relating the post-and precollisional normal component of the particles' relative velocity and the corresponding coefficient of tangential restitution for the tangential component. For colliding hard spheres located at r 1 and r 2 , traveling at velocities˙ r 1 and˙ r 2 , the coefficient of normal restitution ε 
where for each quantity X, the symbol X 0 denotes the value of X at the beginning of the impact at time t 0 and X is the value at time t 0 + τ , when the collision terminates. Equation (1) addresses hard spheres implying instantaneous collisions, τ → 0. Note that the unit vectorê r ≡ ( r 2 − r 1 )/ | r 2 − r 1 | remains unchanged during a collision,ê r =ê 
which reduces to Eq. (1) in the limit τ → 0. The variation of the unit vectorê r during a collision may be expressed by the angle
For both, kinetic theory based on the Boltzmann equation as well as eMD, it is essential to assume that ϕ is negligible. Then, Eq. (1) allows for the computation of the post-collisional particle velocities from the impact velocities, that is, the collision rule needed in eMD simulations and also the Jacobian ∂ ( v 1 , v 2 ) /∂ v 1 , v 2 needed for the integration of the Boltzmann equation. It was shown, however, that the assumption ϕ ≈ 0 is not always justified [7] . In textbooks, the coefficient of normal restitution is frequently assumed to be a material constant [8] , 0 ε n 1. While from experimental (e.g., [9] [10] [11] [12] [13] ) and theoretical (e.g., [14] [15] [16] [17] [18] ) studies it is known that the coefficient of normal restitution depends on the impact velocity or is a fluctuating quantity (e.g., [19] ) it was still assumed to not fall below zero.
However, for the case of oblique impacts of nanoclusters it was shown recently [20] that the rotation of the unit vector ϕ may lead to negative values of the coefficient of normal restitution defined by Eq. (1). This surprising result was attributed to the softness of nanoclusters leading to relatively long contact durations which, in turn, may lead to a significant reorientation of the particles' normal vector during a collision.
While the investigation in [20] refers to nanoclusters colliding at very large impact velocity (1850 m/s), here we show that negative coefficients of normal restitution are a much more general phenomenon. We show that negative values occur inevitably for any type of collision whose dynamics is governed by finite interaction forces leading to finite duration of contact: For any set of material properties there is always a collision geometry leading to negative values of ε HS n . We wish to mention that there are alternative definitions of the coefficient of restitution (e.g., [21] [22] [23] [24] [25] ), which avoid the problem addressed here. However, only the definition Eq. (1) or (2), respectively, referred to as Newton's model [26] , allows for the computation of the post-collisional vectorial velocities which are needed for both event-driven simulations and kinetic theory.
In Sec. II we introduce our notation. In Sec. III we derive a general condition for negative coefficients, while in Secs. IV and V we specify our findings to particles which interact via a linear dashpot model and to smooth viscoelastic spheres, respectively. Section VI discusses the role of frictional forces between the colliding particles. Finally, in Sec. VII we summarize our results and present some outlook.
II. COLLISION OF SMOOTH SPHERES
The collision of a pair of smooth spheres of masses m 1 and m 2 , located at r 1 and r 2 , is governed by Newton's equation of motion,
where r ≡ r 2 − r 1 and m eff ≡ m 1 m 2 /(m 1 + m 2 ). The collision takes place in a plane perpendicular to the conserved angular momentum
In this collision plane we rewrite Eq. (4) in polar coordinates {r,ϕ} (see Fig. 1 ):
with the centrifugal force F c . Together with the initial conditions
where we assume that the particles contact at time t = 0, Eqs. (6) describe the collision dynamics for an arbitrary normal force F n . The collision terminates at time t = τ where [18, 27] r(τ ) > 0 and F n = 0.
III. NEGATIVE VALUES FOR THE COEFFICIENT OF NORMAL RESTITUTION
With the relative vector r and its velocity r = rê r and˙ r =ṙê r + rφê ϕ , To quantify the influence of the post-collisional angle ϕ on ε HS n we define the function
such that ε n < −1 indicates negative values of ε HS n [see Fig. 4(c) ]. Obviously, according to Eqs. (6a) and (7), for this we need two necessary conditions: L = 0, that is, a noncentral collision and finite contact duration τ = 0 which requires a finite interaction force. The second requirement excludes both instantaneous collisions (τ → 0) which corresponds to ε n = 0 and sticky collisions (τ → ∞) where ε n = 0 due to vanishing post-collisional velocity.
Let us characterize the eccentricity of the collision by e ≡ d/ l, see Fig. 2 . Then, from geometry and Eq. (5) follows
As L is conserved, Eq. (6a) yields
and the factor in front of the sine term in Eq. (11) reads
Consider elastic particles, where r = l 1 and, of course,
that is, for fixed impact eccentricity, the value of ε HS n and in particular its sign is governed by the angle ϕ . Figure 3 shows ε HS n for elastic particles as a function of the post-collisional angle ϕ [Eq. (3)]. We notice two remarkable properties:
(1) Even for elastic particles, ε HS n is not a constant. Besides material properties and impact velocity, it depends on the impact eccentricity and hence on the collision geometry.
(2) Depending on the impact eccentricity, ε HS n may attain negative values for any value of ϕ = 0. While colliding, the contacting spheres form a dumbbellshaped object. For noncentral collisions, e > 0, this dumbbell rotates around its center of mass with angular velocityφ determined by the angular momentum L which increases linearly with the impact eccentricity e. According to Eq. (6a) this implies thatφ also increases with e. For small deformation, r ≈ l, Eq. (14) yieldṡ
This angular velocity leads to a finite post-collisional rotation angle ϕ if the duration of the contact is finite, which of course holds for all finite interaction forces. Assuming small deformations, ϕ is determined by the ratio α of the contact duration τ and the time 2π/φ the dumbbell would need for a full rotation:
For most interaction force laws and realistic material parameters, the post-collisional angle ϕ is rather small, except for cases where strong attractive forces like adhesion or liquid bridges are involved. Therefore, here we assume 0 ϕ π 2 to simplify the notation. In this interval, ε 
With Eq. (18) we obtain
as a criterion to assess whether for a given set of parameters there is a collision geometry leading to negative coefficients of normal restitution. We emphasize that the value of ε In the following sections we apply these results to two widely used interaction force models. For both models we present exhaustive parameter studies to highlight negative values of ε HS n , or more general the geometry dependence of ε HS n , as a significant, far reaching effect.
IV. LINEAR DASHPOT MODEL
The linear dashpot model for the collision of particles defines the interaction force by
see [28] . For a central, elastic collision (e = 0, γ = 0), the duration of contact reads [27] Nevertheless, for large eccentricities even small rotation angles ϕ lead to significant − ε n (ϕ ) (see Fig. 3 ). Consequently, ε HS n (e) is a monotonically decreasing function over the full range of impact eccentricities e [ Fig. 4(c), solid line] . Solving Newton's equation, Eqs. (6) with the initial conditions Eq. (7) and the interaction force Eq. (21) 
Exploiting the fact that ε HS n (e) decreases with eccentricity and for all eccentricities − ε n (ϕ ) is an increasing function, in Figs. 5 and 6 we discuss the parameter dependence of ε HS n . Figure 5 (a) shows ε HS n (e) for fixed k but various damping coefficients γ . It exemplifies the impact of damping detailed in Fig. 4(c) . (20) is a valid approximation for elastic spheres assuming small deformations and impact situations where centrifugal forces can be neglected for the contact duration. It hence fails for small k and e and large v, ρ, R.
V. VISCOELASTIC SPHERES
As a second important example, we consider the collision of viscoelastic spheres, with the particle-interaction force [16] 
where
and Y , ν, and R eff denote the Young modulus, the Poisson ratio, and the effective radius R eff = R 1 R 2 /(R 1 + R 2 ), respectively. The elastic part F el n of this widely used collision model [28] [29] [30] is given by the Hertz contact force [31] . The dissipative part F dis n was first motivated in [32] and then rigorously derived in [16] and [33] , where only the approach in [16] leads to an analytic expression for the parameter A, being a function of the elastic and viscous material parameters, see [16] for details. First, we discuss the system behavior for elastic spheres A = 0, disregarding dissipation. Figure 7 shows the coefficient of normal restitution ε HS n as a function of the impact eccentricity e for some realistic material parameters, see Table I .
From Fig. 7 we notice that the emergence of negative values of ε HS n is not restricted to high impact velocity collisions of nanoclusters characterized by strong adhesive forces [20] . Instead, it occurs also for realistic material properties and more realistic impact rate. Moreover, the interval of eccentricity leading to a negative coefficient of restitution is not small, remember that with the assumption of molecular chaos the probability density for a collision with eccentricity e increases linearly, dp(e)/de ∝ e, 0 e < 1.
Disregarding centrifugal forces, the contact duration reads [18] 
Assuming small deformations (r ≈ l), from Eqs. (18) and (13) we find the post-collisional rotation
. (27) The numerical prefactors in Eqs. (26) and (27) come from a combination of functions (see [18, 35] ). Table I . Following the same line of discussion as in Sec. IV, we obtain again that ε The influence of the system parameters R, v, and material characteristics A, ρ, Y is qualitatively rather similar to the case of particles which interact via a linear dashpot force, described in detail in Sec. IV. Interestingly, for elastic particles Eq. (27) indicates that the rotation angle ϕ and hence ε HS n are independent of the particle radius. For finite inelasticity A, however, the dependence on the particle radius enters via l and ρ el . Therefore, for inelastic particles, changing radii of the particles has the same impact as changing the inelasticity itself [ Fig. 8(b) ].
Note that for common materials, the Poisson ratio ν is of minor importance. Only for highly auxetic materials its influence is not negligible [ν ≈ −1, Fig. 9(a) ].
The symbols in Figs. 8 and 9 indicate the prediction [Eq. (20) ] for the eccentricity where ε HS n (e) becomes negative. As stated before, the criterion Eq. (20) is applicable for elastic collisions and to small deformation where, additionally, centrifugal forces may be neglected. If applicable, it yields surprisingly good predictions.
VI. THE ROLE OF FRICTION
So far we considered the collision of smooth spheres where the interaction force acts in normal direction F = F nêr . In this section we address collisions under the action of a repulsive 041306-5 normal force and an additional friction force acting in tangential direction F = F nêr + F têϕ . A tangential force applied to an extended body leads to a torque and, thus, to rotational motion of the particles. For the discussion it is sufficient to consider the collision of particles whose initial angular velocity is zero. With this assumption the collision still takes place in a plane which allows to maintain the notation of Sec. II and the collision geometry sketched in Fig. 2 . The rotation of the particles may then be described by scalar quantities φ 1 and φ 2 with the corresponding vectorial representations φ 1 = φ 1êφ and φ 2 = φ 2êφ . Likewise the angular velocitiesφ 1 andφ 2 . The equations of motion for the collision then read
where I 1 = 
Let us assume a large enough friction μ → ∞ such that the colliding particles do not slide on one another but form a dumbbell for the duration of the collision, that is, the particles rotate together with the dumbbell. Its moment of inertia with respect to an axis through its center of mass, perpendicular to its axis of symmetry, reads I fric = if we further assume identical particles. In contrast, for smooth spheres (i.e.,φ 1 = φ 2 = 0) the corresponding moment of inertia of the dumbbell is given by I smooth = 2mR 2 . From conservation of angular momentum (consisting of orbital angular momentum of the two particles and the particle spin) we obtain the ratio of the rotation velocity of the dumbbell for the cases of smooth and frictional spheres: 
Since the contact duration is only weakly affected by friction, from Eq. (30) follows that for frictional particles the rotation angle of the unit vector is reduced as compared with the nonfrictional case ϕ fric ≈ 0.71 ϕ smooth . Consequently, for all eccentricities − ε n (e) is smaller for frictional than for smooth particles and, thus, the function ε HS n (e) attains higher values for frictional than for smooth particles. Therefore, friction reduces the decay of the function ε HS n (e) and the effect of negative coefficients of normal restitution is shifted toward larger values of e (see Fig. 10 ).
For illustration we specify the tangential force to the widely used model by Cundall and Strack [36] :
and k t and μ are the stiffness of the contact and the friction parameter, respectively. Figure 10 displays the influence of friction on the coefficient of restitution ε HS n (e) for both normal force models, the linear dashpot [ Fig. 10 vector ϕ . Therefore, for frictional particles, − ε n is smaller than for smooth spheres.
VII. SUMMARY
The concept of the coefficient of restitution, characterizing the mechanics of binary collisions of granular particles is the foundation of both, highly efficient event-driven molecular dynamics simulations and kinetic theory of granular gases and rapid granular flows. Obviously the underlying assumption of instantaneous collisions is an idealization which is not in strict agreement with the dissipative nature of particle collisions. Indeed, for any realistic material, the elastic and dissipative interaction forces are finite enforcing a finite duration of collisions.
The detailed consideration of the interaction forces leads to two conclusions: First, the coefficient of restitution is not a material constant but depends on the impact rate. This experimentally known fact (e.g. [10] ) agrees with theoretical results based on the numerical [16] or analytical [17, 18, 27, 35] solution of Newton's equation of motion for the collision process. Second, in contrast to the assumption of instantaneous collisions, the intercenter unit vectors of the particlesê r just before and just after the collision are not identical (e.g. [7] ) except for perfectly central collisions. While the first result was taken into account for simulations and kinetic theory by many authors, so far the rotation of the unit vector is disregarded for eMD and kinetic theory. With the most natural assumption of molecular chaos in granular gases and rapid granular flows, the majority of collisions is, however, not close to central but rather eccentric due to the probability distribution dp(e) ∝ e de for the eccentricity 0 e < 1 (see Fig. 2 ). It may, hence, be questioned whether the concept of the coefficients of restitution is justified.
In a recent paper by Saitoh et al. [20] it was shown that the oblique collision of highly adhesive clusters of nanoparticles at very large impact rate leads not only to the expected dependence of ε n on the impact rate but also on the impact geometry, namely on the eccentricity e which may lead even to negative values of ε n when the common hard-sphere definition Eq. (1) is applied. Inspired by [20] , in this paper we focus on the simplest case, namely the coefficient of normal restitution ε n for colliding soft and frictional spheres. In particular, we raise the question whether the coefficient of normal restitution is always positive.
In this work we show that both the dependency of the coefficient of normal restitution on the impact geometry as well as negative values of the coefficient are not a peculiarity of colliding nanoclusters. In opposite we show that the described effects are unavoidable for all kind of collisions governed by finite interaction forces. We specify our results to two important interaction forces, the linear-dashpot force and the force between viscoelastic spheres. The former is of importance for kinetic theory as it leads for central collisions e = 0 to an impact-velocity independent coefficient of normal restitution, which is widely used in the literature on granular gases and rapid granular flows. The latter leads for e = 0 to an impact-velocity dependent coefficient of restitution which is inconvenient for kinetic theory but important for realistic simulations of granular systems.
For both cases we study the effect of impact eccentricity on the coefficient of normal restitution for a wide range of realistic material and system parameters. We find that the emergence of negative values of the coefficient of normal restitution is not restricted to collisions of nanoclusters characterized by strong adhesive forces at high impact velocity [20] , but it is a significant effect for particles of common materials under rather common conditions. Consequently, the dependence of ε n on the impact geometry should be taken into account for the kinetic theory of granular systems. Since unavoidable negative values of ε n render highly efficient event-driven MD impossible, we believe that new approaches should be developed for event-driven simulations which is subject of ongoing research.
